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Abstract

The aim of this paper is to present an interactive fuzzy goal programming approach to determine the preferred

compromise solution to Tri-level linear programming problems considering the imprecise nature of the decision

makers’ judgments for the objectives. Using the concept of goal programming, fuzzy set theory, in combination

with interactive programming, and improving the membership functions by means of changing the tolerances of

the objectives provide a satisfactory compromise (near to ideal) solution to the upper level decision makers.
Two numerical examples for three-level linear programming problems have been solved to demonstrate the

feasibility of the proposed approach. The performance of the proposed approach was evaluated by using of

metric distance functions with other approaches.

Keywords: interactive programming, goal programming, multi-objective optimization, fuzzy set theory and

tri-level decision making,

I. Introduction:

Hierarchical decision making is strongly
motivated by real-world applications. These
applications can be formulated within a bi-level
programming (BLP) problem framework, where an
upper level (or, outer) optimization problem is
constrained by another, lower level (or, inner)
optimization problem , BLP problems occur in
diverse applications, such as transportation,
economics, ecology, engineering and others. They
have been extensively studied in the literature [1-7],
E. Roghanian, et, al.[8] , Integrated goal
programming, kuhn-tucker conditions, and penalty
function approaches to solve linear BLP problems,
K'oppe et al.[9] developed a parametric integer
programming approach for problems with pure
integer lower-level problems. M.S. Osman, et al.
[10], presented A solution methodology of bi-level
linear programming based on genetic algorithm,
Sakawa et al [11] proposed a interactive fuzzy
programming for various bi-level programming
problems.

In a recent work, multi-level decision making
models, are used to character decentralized decision
making problems where decision makers are in a
hierarchical organization[12], G. Zhang et al. [13]
presented a general tri-level decision making model,
defined the solution concept of the model and
developed a Kth-best algorithm to solve the TLDM
model, Lu et al. [14] proposed a multi-follower tri-
level decision making framework, Tri- level Linear
Programming  Problems(TLPPs)  have  been
extensively studied in the literature [15-17] . M.S.

Osman, et al.[18] presented a compromise weighted
solution for multilevel programming problems
(MLPPs), where a non-dominated solution set is
obtained. Sinha [19, 20] studied alternative MLP
techniques  based on  fuzzy  mathematical
programming (FMP) , in such techniques the last
(lower) level is the most important, and the decision
of the lowest level remains either unchanged or
closest to individual best decisions, which leads to
the decision power of the lowest level DM dominates
the higher level DM. To overcome such difficulties,
the fuzzy goal programming (FGP) approach to
multi-decision-making problems was introduced by
Mohamed [21] which is extended by Pramanik and
Roy [22] to solve MLPPs. Recently, Lachhwani K.,
et,al [23] showed a procedure for solving multilevel
fractional programming problems in a large
hierarchical decentralized organization using fuzzy
goal programming approach.

The aim of this paper is to present an interactive
fuzzy goal programming approach to Tri-level linear
programming problems obtaining the preferred
compromise solution and its corresponding aspiration
levels, it makes an extension work of Waiel .F. Abd
El-Wahed, et.al. [24]. The proposed method has an
advantage that candidates for a satisfactory solution
can be easily obtained through the combined use of
the interactive fuzzy programming, and goal
programming. In the proposed methodology the
fuzzy goal levels of each objective are involved,
which are determined by individual optimal
solutions. Then, the fuzzy goals are characterized by
the associated membership functions, which are
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maximized. The approach obtains an efficient
solution which is close to the best bound of the
higher levels DMs, by the means of introducing
negative and positive deviational variables and
assigning a higher aspiration level to each objective
function via updating both the membership values
and the aspiration levels.

To illustrate the effectiveness of the proposed
approach, two numerical examples are solved and
compare the results with the change in tolerance
limits.

The paper is organized as follows: the Formulation
of MLPP, and the related terminology are presented
in section 2, the interactive fuzzy goal programming
for solving MLPP is presented in Section3, in section
4. The steps of the proposed approach are presented,

discussion are presented in section 5. The paper will
be finalized with its Conclusion and References.

1. Formulation of MLPP

Hierarchical optimization or (MLPPs), have the
following common characteristics[23]: interactive
decision making units exist within predominantly
hierarchical structures; the execution of decision is
sequential from higher level to lower level; each
decision making unit independently controls a set of
decision variables and is interested in maximizing its
own objective but is affected by the reaction of lower
level decision makers (DMs). Due to their
dissatisfaction with the decision of the higher level
DMs, decision deadlock arises frequently in the
decision-making situation.

two numerical illustrative examples and a short

Consider a TLP problem of maximization-type objectives at each level. Mathematically, it can be
formulated as follows [25]:

max f, (X )=c,X, +C;,X, +Cj3Xs,
X

1

Where,x, and X, solve:
max f, (X )=C, X, +CpyX, +CpyXs,

X2
Where, x, solves: 1)
max f, (X )=CyyX, +CyyX, +CyXs

X3

st.  AX +AX, +AX; <D,

X;, Xy, X3 2 0.
Where, X =(X1,X2,X3) denote the decision variables under control of DM1, DM2 and DM3
respectively. For 1 =12,3, X; is N,- dimensional decision variable, and fi(X)is the related objective

functionto 1%, 2", and 3" level, respectively.
Let X =x,UX,Ux; and n=n, +n, +n,then, C;;,C, ,C, are constant row vectors of size

(1>< nl), Cy,,Cyy ,Cyy are of size (lx nz) and C;5,Cy,,Cyy are of size (1>< n3), b is an M -dimensional
constant column vector, and A; is an M X N, constant matrix. Each DM has to improve his strategy from a

jointly dependent set S :
S= {X| AX, + AX, + AXs <b, X, %, X, >0}

I11. The Interactive Fuzzy Goal Programming formulation of TLPP
In order to consider the imprecise nature of the DMs’ judgments for the objectives, assume that the
DMs have fuzzy goals for each of the objective functions in the Tri-level linear programming problem, such as “

f, (X ), I =1,2,3 should be substantially greater than or equal to some specific value”, thus, the objective

functions are to be characterized by the associated membership functions. In this paper, the top level DMs
specify fuzzy goals and an aspiration levels to each of them
Fuzzy sets theory has been implemented in mathematical programming since 1970 when

Bellman and Zadeh [26] introduced the basic concepts of fuzzy goals G, fuzzy constraints C, and fuzzy
decisions D . Based on these concepts, the fuzzy decision is defined as D = G[)C which is characterized

by the following membership function : £y (X) =min (,uG (X), He (X))
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let us describe the fuzzy goals of TLP problem, assuming that DM; ,i1=1,2,3 selects the

following linear membership function (Fi (X )) which is a strictly monotonic increasing function:

1, if F>F"
F —FM _
(F(X)={———  if F"™<F<FE™ 2
lul( |( )) FimaX—Fimm I . << (2)
0 , |f Fi < Fimin

where F™* is the best upper bound and F™" is the worst lower bound of the objective function i,
respectively. They are calculated as follows:
R = maxF, (X), st Sand F™ = min F, (X), st. S

It is assumed that the first level DM and the second level DM determine the aspiration levels 2| ,1=12.By

using the given linear membership functions and following the fuzzy decision of Bellman and Zadeh [26],Then,
the TLP problem (1) can be represented as follows:

max{min 4 (F,(X))}, i =1,2,3
st. XeS

By introducing an auxiliary variable A, problem (3) can be transformed into the following linear programming
model:
Max A

st.
w(R(X))= 2,

©)

(4)

The interactive process terminates if the following two conditions are satisfied:
1of ,Ul(Fl(x )) >Z,,and ﬂz(Fz (X )) 27, .

The ratios :ﬂz(Fz(X)) an :ﬂs(Fs(X))
e 8, )

(R (X))
between its lower and its upper bounds specified by the first DM and the second DM respectively.
Otherwise, for the dissatisfying upper levels DM , the problem (4) is re formulated as an interactive fuzzy goal
programming model [24], let us introduce the following positive and negative deviational variables:

F(X)-d/ +d =2, ,d;,d; =0, 1=12 )

Lachhwani K., et,al [23] considered over deviation from any fuzzy goal implies the full achievement of
the desired values, so the proposed approach assigns only negative deviational variables to the achievement
function and minimize negative deviational variables to get a compromise optimal solution. Then equation (5)
can be written as follow:

F(X)+d; >2,, =12 (6)
Then the membership functions are improved by means of changing the tolerances of the objectives. Such
alternative membership functions during a solution process reflect the progressive preference.

With the improved membership functions ,ul’(F, (X )), and the constraints described in (6), the following
problem will be formulated:

of satisfactory degrees in the closed interval
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Max 4

st.

F(X)+d >2,,
w(F(X)=2, 1=12
,Us(Fs(X ))Z A,

XeS,d >0,d <A

If an optimal solution to problem (7) exists, it follows that the first and the second DMs obtain a
satisfactory solution. Then solution procedure of the TLP problem (1) can be summarized in the following steps:

U]

IV. The solution procedure
Step 1: Develop the TLP as described in problem (1).
Step 2: Calculate the individual minimum and maximum of each objective function in the three levels under the
given constraints.
Step 3: Ask each DM to determine the best lower bound and the worst upper bound.

Step 4: Define the membership function of each objective function, the initial aspiration levels 2| , and also the
closed intervals for A, ,1 =1,2.

Step 5: Set K=1. Solve the maximum problem (4) using MATLAB program for obtaining an optimal
solution which maximizes the smaller degree of satisfaction between those of the three DMs.

Step 6: Calculate y; (Fi (X k)) and A‘? = %(:::7'“%3%) =123

Step 7: The interactive process terminates if £ (F, (X ))2 2| VAYS [All, Alz], 1=12.

Then the upper DMs are satisfied with the optimal solution to problem (4), the optimal solution becomes a
satisfactory solution . Otherwise, go to step 8.
Step 8: ask the dissatisfying DMs to determine a new aspiration levels.

Step 9: Construct an improved membership functions ,u,'(FI (X )) with these new tolerances: FlbEBSt = 21,
and F"™ = F.
Step 10: Set k =k +1. with ,u,'(FI (X )) and constraints (6), solve problem (7) using MATLAB code to get

the preferred compromise solution to the TLP. If the current solution (X k) satisfies the termination conditions

and the upper DMs accept it, then the approach stops and the current solution becomes a satisfactory solution.
Otherwise, go to step 8.

V. Illustrative Examples
5.1 Example 1: Consider the following numerical TLP problem [27],
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max f, (X )=7x, +3x, —4x,,

Where, x, and x; solve:
max f,(X)=x,,
X2

Where, X, solves:
max f,(X)=x,
X3

St.r X +X,+X; <3, 8)
X, + X, — X5 <1,
X, + X, + X521,
=X, + X, + X3 <1,
X; < 0.5,
X1 Xy, X3 2 0.

Set kK =1. The individual best and worst solutions subject to the system constraints are shown in table 1.
Suppose that the first DM and the second DM specify the initial aspiration levels, the lower and the upper

bound of the ratio of satisfactory degrees as : 21 =85, 22 =1.0,, A, =[0.8,1], and A, =[0.7,1]

respectively.

Based on table(1), the DMs identify the linear membership function (2), developing the maximum
problem (4) as follow:
Max 4

st.

X, +3X, —4X; +0.5>94,

X, > A4,

X; = 0.54,

X+ X, + X3 <3, ©)
X, +X, = X3 <1,

X, + X, + X 21,

=X, + X, +X; <1,

X3 <0.5,

X, X, X3 2 0.

The obtained result of the first iteration is shown at the column labeled “Ist” in Table 2. For the obtained
optimal solution (Xi,Xt,X§)=(0.8077,0.6923, 0.5) to problem (9), corresponding membership function
values, and the ratio of satisfactory degrees are calculated.

As Fll < 8.5 ,s0 the first DM is not satisfied with this solution, assume that he/she defines a new

aspiration level as Z; =8.5. Let F™ =8.5, and F,"™ =5.7308 , construct an improved membership
function.
(7%, +3x, —4x, —5.7308)
-Set k =2. Let, 1f (F, (X)) =——2—2 , and 7%, +3X, —4x, +d; >8.5.
/Ul( 1( )) 85_57308 1 2 3 TU;

- Then problem (7) can be developed as follow:
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Max A4
st.
7%, +3X, —4x, +d; >8.5,
7%, +3X, —4x, —5.7308 > 2.774,
X, 2 4,
X; = 0.54,
X, + X, + X3 <3, (10)
X, + X, = X5 <1,
X+ X, + X3 21,
— X, + X, + X3 <1,
X3 <0.5,
X1 Xy, X3 20,
d;>0,d; <2
For the obtained optimal solution (Xf,xf,xg‘):(l.S, 0.0, 0.5) to problem (10), as shown at the

column labeled “2 nd” in Table 2, is the preferred solution to the first and the third DMs . But the second DM is
not satisfied with this solution, so the approach will aid the unsatisfied DM to improve his/her solution. Assume

that the second DM defines a new aspiration level as Z; =1. Let F*" =1, and F,* = 0.6923 , construct
an improved membership function.

et k=3, Lot 1y (F, (x)) = P2 = 0:6923)

1-0.6923
Adding the new constraints , and considering the first DM insist on his preferences.
Then problem (10) can be rewritten as follow:

Max A

s.t.

7%, +3%, —4x, +d; >8.5,

7%, +3X, —4x, —5.7308> 2.771,

X, +d, >1.0,

X, —0.6923>0.311,

X; = 0.54,
X+ X, + X3 <3, (11)
X, + X, = X5 <1,

, and X, +d, >1.0.

X+ X, + X3 21,
— X, + X, + X3 <1,
X; <0.5,

Xy Xy, X3 20,
d, 20,d; <4,
d,>0,d, <4

-The interaction process results are shown in table 2.
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Since the 1% and the 2" DMs are satisfied with the 3rd iteration, as the values of the two objective functions
increase and converge toward the ideal solution. Then the satisfactory solution is obtained and the interaction
procedure is terminated.

1% Level DM 2" Level DM 3™ Level DM

F | 85at(1.50,0.5) | 1at(0,1.0,0) 0.5at(0.25,0.25,0.5)

Frost | —05at(0,0.5,0.5) | 0 at (0.5,0,0.5) 0at(0.5,0.5,0)

Table 1. The individual best and worst solutions at all levels of Example(1).

Interaction 1st 2nd 3rd
A 0.69 0 0.3

X, 0.8077 | 1.5 | 1.0217
X, 06923 | 0 | 06771
Xs 0.5 0.5 0.5
F 5.7308 | 85 | 7.1832
F, 0.6923 | 0.0 0.7
F, 05 |05 0.5

w(F) | 069 | 10| 085
w(F,) | 069 (00| 07
u(Fs) | 1.0 | 10| 10

Table 2. Example 1. results of the proposed approach.
Performance analysis
To evaluate the performance of the proposed approach, let us consider the solution of the illustrative
example by using different approaches [13,18,27,28].
To determine the degree of closeness of the proposed approach results to the ideal solution, let us define
the following distance functions [29 ]:

Dw(/i, K)= mI?X{AK (1_dK )}

where, in maximization problems, d, takes the form: d, = [ Compromize /  Optimal

l

F Optimal

Where : is the optimal solution of F, , and

[ Compromize ¢ the preferred compromise solution
Thus, we can state that the approach which can derive a preferred compromise solution is better than the others
it min D, (1, K) is achieved by its solution,
Based on this measure, Table 3 summarizes the results of the five approaches . In the given example, it is
assumed that 4, =0.4, 4, =0.3,4; =0.3.

From Table 3, it is clear that the proposed approach in this paper gave a preferred compromise solution
which is the best solution for D . Note that the achieved compromised interactive solutions may be the same
obtained by other approaches or around them.
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Weighting
The Proposed approach[18] Zhang et Shihet | Sakawa et
Approach Case(l) | Case(2) al. [13] al. [27] al. [28]
F, 7.1832 4.5 6.5 4.5 6.18 5.8650
F, 0.7 1.0 05 1.0 0.58 0.65
F, 0.5 0.5 05 0.5 0.5 0.5
(F) 085 | 05294 | 0.7647 | 05294 | 10 0.69
1,(F,) 0.7 1.0 0.5 1.0 1.0 0.65
15(F;) 1.0 1.0 1.0 1.0 1.0 1.0
D, 0.09 0.1882 0.15 0.1882 0.126 0.124

Table 3. Comparison of example.1 solutions by four different approaches

5.2 Example 2: Consider the following numerical TLP problem [18,20,27,30]:
max f, (X)=7x, +3x, — 4x, +2X,,

Xq, Xo

Where, x, and x, solve:

max f, (X)=x, + 3%, + 4x,,
X3

Where, x, solves:
max f, (X)=2x, +X, + X, + X,
X4

St.i X +X, + X5 +X, <5,
X, +X, = X3 =X, <2, (12)

X+ X, + X3 21,

— X, + X, + X3 <1,

X, — X, + X, +2X, <4

X, +2X; +3X, <3,

X, <2,

X1 Xy, X5, X, 20,

Set k =1. The individual best and worst solutions subject to the system constraints are shown in table 4.
Suppose that the three level DMs specify their initial aspiration levels, the lower and the upper bound of the
ratio of satisfactory degrees as : 21 =16, 22 =512,=4, , A, =[081], and A, =[0.7,1]
respectively.

Based on table (4), the DMs identify the linear membership function, and problem(4) is solved with these
data using MATLAB.

The obtained result of the first iteration is shown at the column labeled “1st” in Table 5. Assume that the
upper level DMs are not satisfied, and want to improve their objective functions.
So the improved upper level membership functions, and the aspiration levels constraints are constructed as
follow:
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(7x, +3x, — 4x, + 2x, —13.1754)
16.25-13.1754

(x, +3x, +4x, — 4.2408)

i F X — 2 3 4

(P (X)) 5 4.2408

X, +3X; +4X, +d, >5. Then problem (7) can be developed and solved.

-The interaction process results are shown in table 5.
Since the 1% and the 2™ DMs are satisfied with the 2nd iteration, as the values of the two objective functions
increase and converge toward the ideal solution. Then the satisfactory solution is obtained and the interaction
procedure is terminated.

-Set k = 2 . Let, ,Llll(Fl(X )) =

, TX; +3X, —4X; +2X, +d; 216.25, and

1" Level DM 2" Level DM 3" Level DM
Fbe | 16.25at(2.25,0,0,0.25) | 5at(0,1,0,1) | 5at(1.7131,0.9303,0.6434,0)
Frest | —4at (0,0,1,0) 0 at (1,0,0,0) | 1at(0,0.5,0.5,0)
Table 4. The individual best and worst solutions at all levels of Example(2).
Interaction 1st 2nd
) 0.8482 | 0.7635
X, 1.0506 | 1.212
X, 1.6204 | 1.64
X3 0.0637 0
X, 0.6073 | 0.694
F, 13.1754 | 14.7884
F, 4.2408 | 4.4156
F, 4.3927 | 4.7569
w(F) | 0.8482 | 0.9278
u,(F,) | 0.8482 | 0.8831
us(F,) | 0.8482 | 0.9392

Table 5. Example 2. results using the proposed approach.

Based on the D_ measure, Table 6 summarizes the results of the five approaches . In the
given example, it is assumed that 4, =0.4, 4, =0.3,4, =0.3.

From Table 6, it is clear that the proposed approach in this paper gave a preferred compromise solution
which is the best solution for D_ .
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The Proposed Weighting Sinha Shihetal. | Surapati
Approach approach[18] [20] [27] et al. [30]
F, 14.7884 16.25 1201 | 11.70 13.00
F, 4.4156 1.0 3.18 3.02 4.71
F, 4.7569 4.75 4,94 4.94 4.28
D, 0.036 0.24 0.11 0.112 0.08

Table 6. Comparison of example.2 solutions by four different approaches
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V1. Conclusion:

In this paper, we have proposed an interactive fuzzy goal programming approach for tri-level linear
programming problems. One of the most important features of our approach is to provide satisfactory (near
optimal) solution efficiently by updating the aspiration levels, and the membership functions of decision makers
at the upper level with considerations of overall satisfactory balance among all levels, where it can produces
solutions which are improved to the results obtained by most of the other existing approaches. Finally,
illustrative numerical examples for three-level linear programming problems have been have been successfully
solved to demonstrate the feasibility of the proposed approach. The performance of the proposed approach was
evaluated by using of metric distance functions with other applied approaches.
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